We study the propagation of light pulses in an absorbing medium when the frequency of their carrier coincides with a zero of the refractive index dispersion. Although slow light and, a fortiori, fast light are not expected in such conditions, we show that both can be obtained by selecting particular phase-components of the transmitted field. Analytical expressions of the resulting signals are obtained by a procedure of periodic continuation of the incident pulse and a proof of principle of the predicted phenomena is performed by means of a very simple electrical network, the transfer function of which mimics that of the medium.
I. INTRODUCTION
The one-dimensional propagation of coherent light pulses with a slowly varying envelope through a linear medium is usually analyzed by means of the group velocity [1] [2] [3] [4] . The latter generally reads v g (ω c ) = c/ [n(ω c ) + ω c (dn/dω c )] where ω c , c, n and dn/dω c respectively designate the carrier frequency of the pulses [5] , the light velocity in vacuum, the medium refractive index and its derivative at ω c (the refractive index dispersion). The dispersion can take very large values when the carrier frequency ω c of the pulses is equal or close to the frequency ω 0 of a narrow and well-marked resonance of the medium. When dn/dω c > 0 (normal dispersion), the group velocity is then very small compared to the phase velocity c/ [n(ω c )] (slow light regime) while it becomes very large or even negative (fast last regime) when dn/dω c < 0 (anomalous dispersion). The principle of causality implies that the two regimes can be obtained with a same medium, depending on the detuning ∆ = (ω c − ω 0 ) [6] . We examine in the present article what occurs when the detuning is such that dn/dω c = 0 (zero-dispersion configuration). Neither slow light nor fast light are expected in this case. We will however show that both can be observed by post-selecting particular phase components of the transmitted field, in analogy with the experiments involving post-selection of the field polarization [7] [8] [9] [10] . We specifically consider the reference case of a medium with a narrow absorption line. Convincing demonstrations of slow light [11, 12] and fast light [13] [14] [15] [16] [17] have been performed with this system. The arrangement of our paper is as follows. In Section II, we give the transfer functions for the electric field and for its relevant phase components. The envelopes of the corresponding transmitted pulses are determined in Section III and we give in Section IV a proof of principle of the predicted phenomena by means of a very simple electrical network. We conclude in Section V by summarizing our main results. * Electronic address: bernard.segard@univ-lille.fr
II. TRANSFER FUNCTIONS OF THE MEDIUM
For the sake of simplicity, we consider a dilute medium (n ≈ 1) of thickness ℓ with a Lorentzian absorption line of half width at half maximum γ ≪ ω 0 . Denoting α the medium absorption coefficient on resonance for the amplitude (α ≪ ω 0 /c), the transfer function relating the Fourier transform of the transmitted field to that of the incident field [18] then takes the simple form
Notice that this result is obtained by using for the transmitted pulse a time retarded by the luminal transit time ℓ/c (retarded time picture). This enables one to directly evidence possible fast or slow light effects. Denoting Φ(ω) the phase of H(ω), the group advance (the opposite of the group delay) is given by the relation [18] a g (ω c ) = dΦ/dω | ω=ωc and reads
where ∆ = (ω c − ω 0 ) is the detuning of the pulse carrier frequency from resonance. The group advance attains its maximum a g (ω 0 ) = αℓ/γ for ∆ = 0, is positive (fast light regime) when |∆| < γ and negative (slow light regime) when |∆| > γ . It cancels when ∆ = ±γ. We will consider in the following the case where ∆ = γ . Quite similar results are obtained when ∆ = −γ. Figure 1 shows the amplitude transmission |H(ω)| and phase Φ(ω) as functions of the detuning ω − ω 0 in the reference case αℓ = π/2. The vertical dash-dotted line indicates the carrier frequency ω c = ω 0 + γ considered in the following. The use of the group velocity concept requires that the pulse envelope is slowly varying at the scale of 1/ω c . In a frame rotating at ω c , the transfer function for the pulse envelopes resulting from Eq.(1) reads [5] :
where Ω ≪ ω c . On exact resonance (∆ = 0), H 0 (Ω) = H corresponding impulse response, inverse Fourier transform of H 0 (Ω) [18] , is then real [19, 20] . If the envelope x(t) of the incident pulse is real (unchirped pulse) as assumed in the following, the envelope y(t) of the transmitted pulse will be also real or, otherwise said, the transmitted field will be in phase with the incident one [21] . An experimental evidence of this point is reported in [22] . The group advance can then be identified to the advance of the center-of-gravity of y(t) over that of x(t) while H 0 (0) is the ratio of the two envelopes areas [20] . These results hold whatever the pulse distortion is. The situation is not so simple when ∆ = 0. The envelope y(t) of the transmitted pulse is then complex. Its real and imaginary parts are then the envelopes of the components of the transmitted field, respectively, in phase (I) and in quadrature (Q) with the incident field. In the zero-dispersion configuration considered in the present article, the transfer functions relating the envelopes y I,Q of these two components to that of the incident pulse read:
These transfer functions are closely related to those encountered in Ref. [10] where the post-selection was made on the field polarization. As H 0 (Ω) in the resonant case, they are such that H I,Q (Ω) = H * I,Q (−Ω) and the envelopes y I,Q (t) of the (I,Q) components are obviously real. Figure 2 shows the corresponding amplitude transmissions |H I,Q (ω)| and phases Φ I,Q (ω) in the reference case αℓ = π/2. Quite generally the Itransmission (the Q-transmission) is minimal (maximal) at Ω = 0 where H I = e −θ cos θ and H Q = e −θ sin θ with θ = αℓ/2. The group advances a gI,gQ = dΦ I,Q /dΩ | Ω=0 read a gI = (θ tan θ) /γ > 0 (fast light regime) and a gQ = − (θ cot θ) /γ < 0 (slow light regime) [21] . The reference case considered in Figs.(1,2) thus refers to the particular situation where
The previous values of a gI,gQ might lead to expect that advances as large as wanted could be obtained. As in the resonant case [20] , these advances are only those of the center-of-gravity of the envelopes. Anyway, obtaining large absolute advances is not an aim per se and the challenge in slow and fast light experiments is to attain ratios of the advances over the pulse duration as large as possible with moderate distortion. The practical limitations to these fractional advances are examined in the following section. 
III. ENVELOPES OF THE INCIDENT AND TRANSMITTED FIELDS
We consider an incident pulse of carrier frequency ω c = ω 0 + γ and of envelope
where Π(u) designates the rectangle function equal to 1 for −1/2 < u < 1/2 and 0 elsewhere. This pulse is very close to the Gaussian pulse usually considered in the literature. It has a full width at half maximum τ (taken as time unit in the following) and a strictly finite overall duration 2τ . We exploit this point by continuing the envelope x(t) at every time by the periodic signal
x(t) contains only three frequencies, namely 0 and ±Ω 1 with Ω 1 = π/τ . As shows Fig.3 , the signalsỹ I,Q (t) obtained by substitutingx(t) to x(t) reproduce very well the main features of the exact envelopes y I,Q (t) obtained by fast Fourier transform (FFT). We get:
in advance over that of the incident pulse by a I,Q = Φ I,Q (Ω 1 )/Ω 1 . The corresponding fractional advances read
. The advances a I,Q of the maximum have the same sign that the corresponding group advances a gI,gQ (a I > 0 , a Q < 0 ). Since H I (0) < |H I (Ω 1 )|, the amplitude A I of the advanced signal is larger than its asymptotic value
Equation (8) also enables us to determine the full duration at half maximum τ I and τ Q of both signals. They read
with τ I < τ (pulse narrowing) and τ Q > τ (pulse broadening). All these results are consistent with those expected for systems having a dip or a peak of transmission.
In agreement with relativistic causality, both phase components start at the same time −τ that the incident pulse (see Fig.3 ). As soon as it has a significant amplitude, the component y Q (t) is simply broadened and the (negative) advance a Q of its maximum is generally close to the group advance a gQ . The behaviour of the in-phase component y I (t) is less simple. At the first order in αℓ the fractional advance a I /τ = Φ I (Ω 1 )/τ reads
It attains its maximum when
1/4 π ≈ 1.69 ). We then get an advance
2 τ . It should be however noticed that both advances are then extremely small. When αℓ increases, Ω 1 ≈ 1.86γ (γτ ≈ 1.69 ) continues to maximize the fractional advance a I /τ of the maximum for moderate thickness, say αℓ < 1.5. For αℓ > 0.74, a I < a gI as usual. Figure 3a shows the envelopes y I (t) and y Q (t) obtained in the frontier case where a I = a gI . The pulse distortion of y I (t) is manifested in a narrowing (as above mentioned) and, moreover, in the appearance of a significant secondary lobe [20] . The latter is also well reproduced by the periodic model. Quite generally, its maximum occurs at t = [π − Φ (Ω 1 )] /Ω 1 and its relative amplitude compared to that of the main lobe reads D is a good indicator of the pulse distortion. It equals 10% in the conditions of Fig.3a and raises to 20% when αℓ ≈ 1.18 (Fig.3b) . For αℓ > 1.18, maximizing the advance leads to large pulse distortions, D tending to 100% when αℓ → π. We limit in the following D to the reasonable value 20% attained in the previous case (4% for the corresponding intensity profile). The duration τ I and the amplitude A I of y I (t) then read: For a given distortion, relativistic causality imposes severe limitations to the fractional advance a I /τ of y I (t). As for every fast light system, the larger is the dynamics of the system transmission, the larger is the fractional advance [23] . In the present case, the transmission dynamics [maximum over minimum of |H I (Ω)|] is reduced to 1/H I (0). Eq. (14) thus involves that a I /τ and A I as functions of the optical thickness αℓ evolve in opposite directions. Figure 4 shows the results obtained for D = 20 % when αℓ varies from 1.18 (conditions of Fig.3b ) to 31π/32. In the reference case αℓ = π/2 (conditions of Fig.3c ), we get a I /τ ≈ 0.166 and A I ≈ 0.403 while a I /τ ≈ 0.215 and A I ≈ 0.147 when αℓ = 3π/4 (conditions of Fig.3d ). In the latter case, a sufficient amplitude is conciliated with a fractional advance which is not far below its asymptotic value and comparable to or even larger than those actually observed in optics [13, [15] [16] [17] 22] . For the sake of completeness, we give Fig.5 the results obtained in the conditions of Fig.4 for the delayed envelope y Q (t). The variations of its amplitude A Q are moderate, while the fractional delay −a Q /τ continuously decreases from 0.47 for αℓ = 1.18 to 0 when αℓ → π. We additionally mention that, correlatively, the pulse duration τ Q (the ratio a Q /a gQ ) regularly decreases (increases) from 1.18τ to τ (from 0.90 to 1).
When αℓ = π (1 − ε) with ε ≪ 1, it is possible to obtain explicit analytical expressions of the pulse duration τ leading to a given value of D and of the resulting values of a I /τ , A I , a Q /τ and A Q . At the second order in ε, we get
where
. That yields: 
For D = 20 %, β = √ 5/2. We then get for αℓ = π (ε = 0) the following asymptotic values of the fractional advances and amplitudes, respectively, a I /τ = 0.268, a Q /τ = 0, A I = 0 and A Q = e −π/2 ≈ 0.208. For 3π/4 < αℓ < π (ε ≤ 1/4 ), Eqs. (16) (17) (18) (19) yield values of advances and amplitudes equal to the exact ones within a few percent.
We finally remark that the fact that v g (ω c ) = c does not imply that the envelope |y(t)| = y 2 I (t) + y 2 Q (t) of the total field is not advanced or delayed. This is only true in the limit where Ω 1 /γ = π/(γτ ) is small enough.
When Ω 1 /γ ≪ 1 , a calculation involving a expansion of H I (Ω 1 ) and H Q (Ω 1 ) at the third order in Ω 1 /γ, yields the following fractional advance for the maximum of |y(t)| :
Note that this fractional advance is very small compared to that of y I (t) which appears at the first order in Ω 1 /γ. In the conditions of Fig.3d , e.g., a/τ ≈ 3 × 10 −3 whereas a I /τ ≈ 0.215 (a/a I ≈ 1.4 × 10 −2 ) .
IV. EXPERIMENTS WITH AN ELECTRICAL NETWORK
In the fast light experiments reported in [22] , the determination of an eventual phase difference between trans- mitted and incident fields is performed by means of frequency changes transposing the signals in the radiofrequency domain. On another hand, the phenomenon corresponding to fast light can be directly observed in the radiofrequency range by means of electrical networks with negative group delay (NGD). As back as 1961, Rupprecht [24] succeeded in evidencing significant advance of the envelope of the pulse transmitted by such a network over that of the incident pulse. See also [25] . After some lethargy, the NGD circuits have known a recent renewal of interest both in electronics and in optics. For explicit demonstrations of advanced pulse-envelope, see, e.g., [26] [27] [28] [29] [30] .
We have used in our experiments the very simple four port network shown Fig.6 . As the absorbing medium, it is purely passive. The transfer function relating the Fourier transform of the output signal V out (t) to that of the input signal V in (t) reads
where η = r/(r + R) (0 < η < 1), ω 0 = 1/ √ LC and γ = r(R + r)/(2L) with γ ≪ ω 0 (narrow resonance limit). The general relation a g (ω c ) = dΦ/dω | ω=ωc giving the group advance yields
where ∆ = ω c − ω 0 is the detuning of the pulse carrier frequency from resonance. As for the absorbing medium, the group advance is positive when |∆| < γ, is negative when |∆| > γ, cancels when |∆| = γ and is maximum on resonance where it takes the simple form considering ideal components without including the selfresonant behaviour of the capacitor and inductor [28] .
In the time-resolved experiments, we use a waveform generator (Agilent 33500B) delivering both the sinewave signal of frequency ω c and the modulation signal. It is used in the burst mode (single-shot experiment). The signals V in (t) and V out (t) are sent on two channels of a numerical oscilloscope (Keysight InfiniiVision DSOX4024A) and both are acquired on 16000 points with a 10 bit vertical resolution. Figure 8 gives an example of signals obtained in the resonant case (ω c = ω 0 ) with the parameters of Fig.7 . As expected, the maximum of V out (t) is significantly in advance over that of V in (t) but the two signals are in phase [22, 25] . On the other hand, Fig.9 , obtained in the zero-dispersion configuration ( ω c = ω 0 + γ), confirms that the advance is then negligible but that the two signals are not in phase.
The transfer functions H γ (Ω), H I (Ω) and H Q (Ω) for the envelopes in the zero-dispersion configuration (∆ = γ) are derived from H(ω) as those of the absorbing medium. For the electrical network H γ (Ω) reads
The transfer functions H I (Ω) and H Q (Ω) are deduced from H γ (Ω) by Eqs. (4, 5) . For the sake of completeness, we give below their values at Ω = 0 and the corresponding group advances: 
The post-selection of the in-phase and quadrature components of the output signal V out (t) is experimentally performed as follows. The data collected by the numerical oscilloscope are treated by computer. In a first step, we generate a continuous sinewave, the frequency and phase of which coincide with those of the input signal V in (t). This continuous sinewave is next multiplied by the output signal V out (t) to deliver the envelope y I (t) of the in-phase component (I), the harmonic at 2ω c and the high frequency noise being eliminated by a finite impulse response (F.I.R.) filter. The used low pass filter (IGOR software Blackman 367) insures a rejection better than 70 dB for ω/(2π) > 200 kHz. The envelope y Q (t) of the quadrature component is similarly derived by using a continuous sinewave in quadrature with that used to obtain y I (t) . Figure 10 shows the envelopes y I (t) and y Q (t) experimentally observed in the zero-dispersion configuration (∆ = γ) in two representative cases. As it was made to obtain Fig.9 also as Figs.(3-5) for the absorbing medium, the durations τ of the incident pulse are chosen such that D = 20 % for the I-component. The envelopes shown Fig.10a are observed in the conditions of Fig.9 . The envelopes are quite comparable to those obtained theoretically with an absorbing medium of optical thickness αℓ = 3π/4 (see Fig.3d ). In particular, the advance a I is significantly larger than the delay −a Q . On another hand, the amplitudes of the two components are such that A Q /A I ≈ 1.7 and this explains why no secondary lobe is visible Fig.9 in the over-all envelope y(t) = y 2 I (t) + y 2 Q (t). As a second example, Fig.10b shows the envelopes experimentally observed when η = 0.450 and γ/(2π) = 7.45 kHz. In this case |a I /a Q | and A Q /A I are both close to unity and the envelopes are now comparable to those obtained in the case αℓ = π/2 taken as reference for the absorbing medium (see Fig.3c ). In case a) as in case b), the observed envelopes are in very good agreement with the envelopes derived by FFT by using the transfer function H γ (Ω) given Eq. (23) . In addition, the advances, amplitudes and pulse durations are exactly determined by the periodic model with, in particular,τ I = 0.893 τ and A I = 1.25 H I (0) as predicted by Eqs. (13,14) .
V. CONCLUSION
The dilute medium with a narrow absorption line is a reference system for the observation of fast and slow light. Fast light is obtained when the carrier frequency of the incident pulse coincides or is close to resonance while slow light is observed when this frequency lies in the line wings. There are thus two intermediate carrier frequencies for which the group velocity equals that of the light in vacuum. Paradoxically enough, we have shown that, in such a case, fast and slow light can be simultaneously observed. This is achieved by post-selecting particular phase components of the transmitted field. Fast light is obtained by selecting the component in phase with that of a pulse travelling the same distance in vacuum while slow light is observed on the quadrature component. The general properties of fast and slow light are retrieved with this arrangement. A particular attention is paid to fast light to which the relativistic causality imposes the most severe constraints. As usual, evidencing significant fast light effects with moderate distortion requires large transmission dynamics of the medium and long incident pulses. Finally the theoretical results obtained in optics with an absorbing medium are experimentally reproduced by using a passive electrical network running in the radiofrequency range. We expect that our work will stimulate direct demonstrations in optics or microwave. In this purpose, we emphasize that the phase post-selection procedure introduced in the present article can be applied to different frequency configurations and systems.
